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1. INTRODUCTION 
In this paper we report a solution (Theorem 2.1) to the problem of deter- 
mining the fully labelled Brauer tree for the principal 7-block of Janko’s 
smallest simple group (which we shall denote by J). We obtain our 
solution from information about two absolutely irreducible representations 
of J over F = GF(7) which we construct from submodules of a certain per- 
mutation module, F/1. 
The techniques involved in the computer construction of these sub- 
modules are perhaps of independent interest. We make use of two pieces of 
information about the endomorphism ring of a permutation module. First, 
centraliser ring theory and the intersection matrices of Higman [3] give us 
a concrete realisation of the endomorphism ring as a ring of r x r matrices, 
where r is the rank of the permutation representation (see Section 4). 
Second, if the permutation module is projective and its indecomposable 
components lie in blocks with cyclic defect groups, we may use the descrip- 
tion of the principal indecomposable modules given in Janusz [6] to deter- 
mine the algebraic structure of the endomorphism ring. Alternatively, we 
can use a lemma such as the following (a proof of this result appears in 
Appendix I): 
LEMMA 1.1. Let F be anyfield and G afinite group. Let P be a projective 
FG-module and let E denote the endomorphism ring of P. Then the images of 
generators of l-dimensional left ideals in E are precisely those absolutely 
irreducible submodules of P which occur with multiplicity 1 in the socle of P. 
The use of this lemma in the construction of irreducible representations 
of J over GF(7) is given in Section 3. 
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Added February, 1984 
It has been pointed out by Professor W. Feit that the use of a computing 
machine is unnecessary for a proof of Theorem 2.1. In view of this fact, this 
paper should perhaps be seen as an outline of a technique for producing 
irreducible modular representations from a permutation representation. 
A sketch of Professor Feit’s proof is given in Appendix III. 
2. THE PRINCIPAL ~-BLOCK OF J 
A Sylow 7-normaliser in J is a Frobenius group of order 42 and so (cf. 
the results in Brauer [ 11) the principal 7-block of J contains seven 
irreducible ordinary characters, these being the irreducible characters of 
degree co-prime to 7. In the notation of the character table in Appendix II 
(which is extracted from Higman [4]) these are 
of degrees 
Xl>X37X4, X8> x9> Xl03 x14 
1, 76, 76, 120, 120, 120, 209. 
These are real valued characters and so by a theorem of Tuan [8] the 
Brauer tree of the principal 7-block is a straight line segment. One may 
verify at once that the degrees of the irreducible characters labelling the 
vertices of the tree must have the arrangement 
,: 76 0 120 X 76 0 120 X 209 120 x 2 
and so the degrees of the irreducible 7-modular representations in the prin- 
cipal block are 1, 75, 45, 31, 89 and 120. 
Let H temporarily denote a subgroup of J isomorphic to PSL(2, 11). 
Then (x4 lHT 1 H) H = 0 and so (as 7 J 1 HI ) the character x4 1 H cannot have 
the principal Brauer character of H as a constituent, whence x4 cannot 
have the principal Brauer character of J as a constituent. Thus x4 cannot 
label the vertex adjacent to the principal vertex. 
The three characters of degree 120 are algebraically conjugate and so 
without loss of generality we may assume that xs labels the right-hand end 
vertex. Thus we have the partially completed Brauer tree 
x1 X3 X4 x14 X8 
X 0 X 0 X 0 x 9 
and its remains to decide the possible arrangement of x9 and xlo. 
We introduce some notation which will remain fixed throughout the 
paper: 
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Let K be an algebraic number field which is a splitting field for J and all 
of its subgroups. Let R, be the ring of integers of K and B a maximal ideal 
in R, containing the prime 7. Let R be the localisation of R0 at 9 and (9) 
the unique maximal ideal in R. Let C be the residue class field R/(P) and 
let -: R -+ C be the natural homomorphism. Thus, 2 is a finite field of 
characteristic 7 which is a splitting field for J and all its subgroups. Let 
V 1 >...> V6 denote the irreducible ZJ-modules in the principal 7-block of J of 
degrees 1, 75, 45, 31, 89 and 120 (respectively) and let Ui be the projective 
cover of Vi (so Ui is a projective indecomposable ZJ-module with 
UJrad( Ui) E Vi). 
Now, let b be any element of order 19 in J. Put c1= Tr,(b) and 
fl= Tr,(b), that is, c1 and p are the Frobenius character values at b of the 
7-modular irreducible representations of degree 45 and 89. We annotate the 
Brauer tree in the following fashion: 
Xi(b) 1 0 0 
Tr,,(b) ’ I o --I 
0 2 
P -P 
We may assume that b is in the conjugacy class 19,, and so 
xs(b) = 1, x&b) = P, x,0(b) = v. 
Thus, 1 must equal -/I and {ii, V} = (CY - 1, /I - M }. Also, we have the iden- 
tity p=4-A2 and so 
,ii=4-p2. 
Furthermore p and V are different and so $ we can compute a and /3 we can 
determine the unique arrangement of x9 and xIo. 
In fact, our computations give us not just the trace values of the 
representations of degree 45 and 89, but the full matrices. Our result is: 
THEOREM 2.1. With the above notation, a = 3 and fi = 0. Thus the Brauer 
tree of the principal 7-block of Janko’s smallest simple group, J, is 
X0 x3 XI0 x4 X9 x14 X8 
X 0 X 0 X 0 x . 
3. EXISTENCE OF A SUITABLE PERMUTATION MODULE 
We aim to produce the absolutely irreducible modules V, and V, of 
degrees 45 and 89 as submodules of a certain permutation module F/1, 
where F is a field of characteristic 7 over which V3 and V, are realisable. 
Lemma 1.1 tells us that if we have a projective (permutation) module FA 
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having these modules in its socle with multiplicity 1, then they appear as 
images of generators of l-dimensional left ideals in the endomorphism ring 
End(FA). In Section 4 we shall indicate how to go about computing l- 
dimensional left ideals in the endomorphism ring of a permutation module, 
but in this section we concern ourselves with finding a suitable permutation 
module. 
We note the following results: 
PROPOSITION 3.1. Let G be a finite group acting transitively on a set Q 
and let F be any field. Then Fs2 is a projective FG-module tf and only if the 
characteristic of F is zero or does not divide the order of a point stabiliser 
in Go. 
THEOREM 3.2. (Brauer. See [2, 1.19.31). Let G be a finite group and F a 
finite field. Let p: G + GL( V) be an irreducible reprentation of G over F. 
Suppose F is a subfield of F such that Tr(gp) E F’ for each g E G. Then p is 
realisable over F. 
Our main result in this section is: 
THEOREM 3.3. Let L be a Sylow 11-normaliser in J and let A denote the 
coset space cos(J: L). Let F= GF(7). Then generators of l-dimensional left 
ideals in End( F/i ) have images precisely V, , V, , V, , V, and Q4, where Q4 is 
the irreducible module in the block of defect zero containing the ordinary 
character x1,. 
Proof First, note that IL1 = 110, and so by (3.1) the module F/i is pro- 
jective. 
The ordinary permutation character of J” is 
where the brackets collect characters in the principal block. Thus, in the 
notation of Section 2, 
where Qr ,..., Q6 are the (irreducible) principal indecomposable ZJ-modules 
in the blocks of defect zero containing the ordinary characters xi, x2, x5, 
xll, x12, x13. So the socle of Z/i is 
VI@ J’,@I V,O V6OQ,oQ,o2Q,oQ,oQ,oQ,. 
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An inspection of the character table (looking at the values of ii) and the 
theorem of Brauer (3.2) show that I’, , V,, V5, V6, Q3 and Q4 are 
realisable over F= GF(7), whereas Q,, Q2, Q, and Q6 are not. Thus, the 
absolutely irreducible FJ-modules in the socle of F/i are (abusing notation 
slightly) V, , I’,, V,, V6, Q4 (with multiplicity 1) and Q3 (with mul- 
tiplicity 2). An application of (1.1) proves the Theorem. [ 
4. COMPUTING WITH THE ENDOMORPHISM RING 
Let G be a finite group acting transitively on a set !J of size n and sup- 
pose G* has rank r. Let F be a field and let E denote the ring of (FG-) 
endomorphisms of FQ. If we think of F&I as the F-vector space of row vec- 
tors of length n with co-ordinate positions labelled by the elements of $2 
and G acting as the set of n x n permutation matrices {X, 1 g E G} with 
Ww?) = i ; 
ifag#Z 
ifag=p 
fora,/?ESZ, 
then E is the ring of n x n matrices with entries in F which commute with 
each X, (for ge G). With this identification, E is called the F-centraliser 
ring of G”, and we have a standard basis for E: for let A,,..., A, be the 
orbits of G on a x 52 and for i= l,..., r define the ith basic adjacency matrix 
Bi to be the n x n matrix (with rows and columns indexed by Q) whose 
(a, P)th entry is 1 if (a, 8) E Ai and zero otherwise (for a, p E Sz), then (see, 
for example, [7]): 
LEMMA 4.1. B, ,..., B, is a basis for E. 
As a consequence of this, there exist integers auk such that 
BiBj= i aqkB,. 
k=l 
Let Ai be the r x r matrix whose (j, k)th entry is aikj and let A be the F- 
algebra generated by A, ,..., A;. Then the linear map E + A given by 
Bit-+ Ai is the left-regular representation of E with respect to the basis of 
basic adjacency matrices and is an isomorphism of algebras. 
Let V be the F-space of column vectors of length r and let e,,..., e, be the 
standard basis for V. Then Aiej = CL = I aijkek and so the linear map from A 
to I’ given by Aiw ei gives an isomorphism between the left A-modules A A 
and I’. Under this isomorphism, generators of l-dimensional left ideals in E 
are precisely the simultaneous eigenvectors in V of A, ,..., A,.. Thus: 
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LEMMA 4.2. Cl= , k,B, generates a l-dimensional left ideal in E if and 
only ifC;=, kie, is a simultaneous eigenvector of A,,..., A,. 
In order to compute the multiplication constants aiik we require an alter- 
native description of them. This is provided by the following proposition, 
which is similar to a result in [3]. 
PROPOSITION 4.3. Let fi(cr)= {pl(u, /I)E~;} andfor each ie {l,..., r} let 
i* E {l,..., r} be such that di. = {(a, /?)I(/?, a) E di}. Let 1 denote any element 
of Q. If B is any element of r,( 1 ), then 
Proof: To compute aok we choose (~1, p) E Ak, and calculate the (~1, /3)th 
entry of B,B,. This is the inner-product of row M in Bi with column /3 in B,. 
Since these are Ckl vectors, this inner-product is the number of times row tl 
in Bi and column B in Bj have 1 simultaneously. Thus, 
So, choosing a to be 1 and p any element of r,(l), the proposition 
follows. 1 
5. SOME DETAILS OF THE COMPUTATION 
Our first requirement is obviously an explicit construction of the per- 
mutation representation J” of Section 3. 
In [4] Higman shows that J has a presentation 
(a, bl a’ = b19 = (ab)2 = (a2b2)3 = (a3b2)2 
= (a2b3)2 = (a4b7)’ = 1). (*) 
A coset enumeration shows that 
L = (a2bap2bap2ba3bp’a, b-‘a3b-‘a2b-2ab2) 
is of index 1596 in J and so has order 110. An inspection of the list of 
maximal subgroups of J in [S] shows that L must be a Sylow ll-nor- 
maliser. The coset enumeration also gives explicitly the action of a and b 
on the cosets in A =cos(.J: L) (labelled l,..., 1596), and so we have per- 
mutations a and b satisfying (*) which generate J as a subgroup of 
Sym( 1596). It is now a straightforward matter to program the computer to 
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calculate the multiplication constants aiik (using (4.3)) and hence produce 
the matrices A i ,..., A,. (The rank r is (1 LJ, lLJ )J, which we see from the 
expression for 1, J in (3.3) is equal to 19. This is also verified by the com- 
putation.) 
The next stage in the computation is to find the (live) simultaneous 
eigenvectors of A, ,..., A, over GF(7). We are dealing with 19 x 19 matrices 
over GF(7), and it is a fairly cheap computation to find, for each Ai, bases 
for the eigenspaces over GF(7). Using a method such as Steinitz’s 
replacement algorithm, we can then intersect these eigenspaces until the l- 
dimensional simultaneous eigenspaces have been found. 
Each simultaneous eigenvector defines an element of the endomorphism 
ring in terms of the basic adjacency matrices (cf. (4.2)). Thus we have 
(theoretically) live 1596 x 1596 matrices over GF(7) the row spaces of 
which are absolutely irreducible submodules of F/i of dimensions 1, 45, 89, 
120 and 133. It is impractical (and unnecessary) to work with such large 
arrays. Rather, we compute a certain number of rows (say 150) which we 
hope will span the whole row-space. Row-reducing this 150 x 1596 matrix 
then gives us the dimension of the space spanned by the rows, and a “nice” 
basis for it as a subspace of F/i. Elements of J act on FA by permuting co- 
ordinate positions. In particular, using our nice basis we can obtain 
matrices for the action of a and b on the “submodule,” and the whole com- 
putation can be verified by showing that these matrices satisfy the presen- 
tation (*). 
APPENDIX I 
This appendix is devoted to a proof of (1.1). 
LEMMA A. Let P be a projective module and Q a quotient module of P. 
Let Z be any module with a submodule Y such that Z/YgQ. Then there 
exists a homomorphism $: P -+ Z such that Y-I- P$ = Z. 
Proof: P is projective, so there exists a $ completing the diagram: 
P / 
*L, 
/ 
/ 
I/ I 
O-Y-Z- ~ Q-0 (Exact row ). 
The diagram is commutative and so I@ is surjective. Thus Y+ P$ = Z. 1 
LEMMA B. Let G be a finite group and F a field. Let P, Q be FG-modules 
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and suppose that Q is projective indecomposable. Suppose there exists a non- 
zero homomorphism 4: P -+ Q. Then there exists 0: Q + P such that Q@ is 
the socle of Q. 
Proof Let S be the socle of Q. Then (by [2,1.14.9 and 1.16.81) Q has a 
unique irreducible quotient isomorphic to S. Put X= Irnb and Y = Kerd. 
Then P/YE X and as S is the socle of X, there is a unique submodule 2 of 
P such that P 3 Z > Y and Z4 = S. So Z/Yz S, and so by Lemma A, there 
exists B:Q+P such that Y+Qe=Z. Then Q&=(Y+Q0)4=S. 1 
LEMMA 1.1. Let F be any field and G a finite group. Let P be a projective 
FG-module and let E denote the endomorphism ring of P. Then the images of 
generators of l-dimensional left ideals in E are precisely those absolutely 
irreducible submodules of P which occur with multiplicity 1 in the socle of P. 
Proof: First, suppose U is an absolutely irreducible submodule occur- 
ing with multiplicity 1 in the socle of P. Then the projective cover P(U) of 
U occurs with multiplicity 1 as a direct summand of P and so 
dim Hom( P, U) = dim Hom( P( U), U), which is 1 by absolute irreducibility 
of U. Thus U is the image of a generator of a l-dimensional left ideal in E. 
Conversely, suppose I+$ E E generates a l-dimensional left ideal in E, and 
let U = P+. Write P as a direct sum of principal indecomposable FG- 
modules P = @:= I Pi. Then 1 = dim Hom(P, U) = C;= i dim Hom(P,, U), 
and so there is a unique j E { l,..., n}suchthatP,$=Oifi#jandwemust 
have Pi ?2 PI if i # j. 
An application of Lemma B shows that U is the socle of Pj and so we 
have that U is absolutely irreducible, and the Lemma follows. 1 
APPENDIX II 
This appendix contains the character table for J (Table I), which is adap- 
ted from [4]. The notation is as follows: 
y, 6 are +( - 1 ) JX), so that Q(y, 6) is the real subfield of the 5th roots 
of unity, and if 0 is a primitive 19th root of unity in C and V= 
{+l, k7, &S}, then jl=CIEwc’, ~=~ic~~2i, and v=C~~~R’~. Thus, 
1, p, v are the roots in C of the equation 
X3+X2-6X-7=0. 
The classes in J are labelled by the order of their elements, suitably 
embellished to distinguish classes of elements of the same order (for exam- 
ple, if b E 19,, then b2 E 192 and b4 E 194). 
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TABLE I 
The Character Table of J 
175,560 120 30 6 30 30 10 10 15 15 7 11 19 19 19 
1 2 3 6 5, 5* 101 102 15, 152 7 11 19, 19, 194 
x0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
x1 56 0 2 0 -3 -26 0 0 l 6 0 1 -1 -1 -1 
x2 56 0 2 0 -26 -2y 0 0 y  0 1 -1 -1 -1 
x3 76 4 I 1 1 1 -1 -1 1 1 -1 -1 0 0 0 
x4 76 4 1 -1 1 1 1 1 1 1 -1 -1 0 0 0 
x5 77 5 -1 -1 2 2 0 0 -1 -1 0 0 1 1 1 
X6 77 -3 2 0 6 6 6 0 0 1 1 1 
%7 77 -3 2 0 
l 1 ii 
y  0 0 1 1 1 
X8 120 0 0 0 0 
L 
0 
1; 
0 0 1 -1 A p xs   0 0 -l p ” : 
Xl0 120 0 0 0 0 0 0 0 0 0 1 -1 A P 
XI1 133 5 1 -1 -2 -2 0 0 1 1 0 1 
x 
0 0 
Xl2 133 -3 -2 0 -6 0 1 0 0 0 
XI3 133 -3 -2 0 
3 
-y 0 1 0 0 0 
x14 209 1 -1 1 -1 -1 1 1 -1 -1 -1 0 0 0 0 
APPENDIX III 
This appendix contains a computer-free proof of Theorem 2.1 due to W. 
Feit (personal communication). 
We follow the notation of ([2, Chapter VIII]). 
The Green correspondents of the irreducible CJ-modules V, ,..., V, in the 
principal 7-block of J are 
where CI is as in ([Z, Chapter VII, p. 2711). 
By ([2, VIII.2.8]), we have 
V(K2,3)@ V(C2,3)= Iql, l)@ V(a, 3)@ V(a2,5) 
and so if di denotes the Brauer character of Vi 
?=4:-(41+43+45) (**I 
is a projective Brauer character. Lifting this to an ordinary character, one 
computes 
<v, xojJ= (rl, x4).,= (v, x14).,=Oand (v, x3jJ= 1, 
whence q = x + x3 + (characters of defect 0) (***) 
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where x is the character of degree 120 which is adjacent to x3 in the Brauer 
tree. 
Let b be an element of J of order 19 as before. If x(b) = 5, and assuming 
x8(h) = A as before, then from (w) 
q(b)=p+r+A-l. 
On the other hand, from (***), we know that 
q(b) = t + (an integer), 
whence r2 + 1 is an integer, so < = v, and x = xlO. 
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